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Abstract: The bootstrap for Liouville theory with conformally invariant boundary conditions will 
be discussed. After reviewing some results on one- and boundary two-point functions we discuss 
some analogue of the Cardy condition linking these data. This allows to determine the spectrum of 
the theory on the strip, and illustrates in what respects the bootstrap for noncompact conformal field 
theories with boundary is richer than in RCFT. We briefly indicate some connections with Uq{sl{2, R)) 
that should help completing the bootstrap. 
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1. Motivation 

D-branes on compact spaces can be studied in the 
"stringy regime" (a' ^ 0{\)) by means of con- 
formal field theory in the presence of boundaries 
Wpl. The treatment of D-branes on noncom- 
pact spaces requires consideration of CFT with 
continuous spectrum of Virasoro representations 
(noncompact CFT). Liouville theory may be con- 
sidered as a prototypical example of such CFT. 
It seems to be the natural starting point for the 
development of techniques for the exact study of 
the class of CFT that describe D-branes on non- 
compact backgrounds. Moreover, physically in- 
teresting examples such as the SL{2)/U{\) black 
hole or AdS^ are closely related to Liouville the- 
ory from the technical point of view. 



forr 



n = / daVa®Va, 



§ = ^ + ,M+ 



where V^: hwr of Virasoro algebra (generators 
!/„, Ln), highest weight Aq = a{Q - a), Q = 

Conformal symmetry allows one to map the 
cylinder to the complex plane via z = e™. Basic 
objects for the understanding of the theory are 
the local primary fields Va{z, z), 

[L„, y„(z, z)] =z^{zd, H- A„(n + l))T4(z, z) 
[L„, 14(z, z)] =z^{zd-, -H Aa(rJ + l))K.(z, z), 

Thanks to conformal symmetry they turn out to 
be fully characterized by their three point func- 
tions 



2. Liouville theory w^/o boundary 

We will very briefly assemble a few facts con- 
cerning Liouville theory with periodic boundary 
conditions that will be referred to later. 

The classical 2D field theory is defined on 
K X 5^ by the Lagrangian 



£ 



ii^m^ 



[ie 



2b4> 



The spectrum is believed fel to be of the following 



D{a3,a2,ai) 



|K.3(oo)K.,(l)F„,(0)|0). 

(2.1) 



A formula for Z?(a3, a2, ai) has been pro- 
posed by Dorn, Otto and AL.B., A.B. Zamolod- 
chikov Q 1^ . The data (S, D) can be seen to 
contain the full information about Liouville the- 
ory on K X 5^. In particular, it is possible to 
reconstruct the Liouville field itself, to show that 
it satisfies a proper generalization of the classical 
equation of motion, and to verify the canonical 
commutation relations |6|. 
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Let us note that the proposals concerning 
(S, D) are not rigorously proven so far. However, 
there exists ample evidence to their support, cf. 
e.g. m |[ ^ ^ and references therein. 

3. Liouville theory with boundary 

One needs to study the quantization of the clas- 
sical 2D field theory defined by the action 



S 



d?w 



iliA^r- 



fie 



260 



dr Pie'' 



P2e 



l(T=0 



where S: strip M x [0,7r]. 

Confornial symmetry is expected to organize 
Ti as 



n 



da Vc, 



(3.1) 



SB 



where VqI highest weight representation of the 
Virasoro algebra (generators L„) with highest 
weight Aq = a{Q — a). The set §^ to be inte- 
grated over will in general depend on the values 
P2, Pi labelling the boundary conditions. 

In discussions of the cuclidcan theory it is of- 
ten convenient to map the strip to the upper half 
plane by means of the conformal transformation 
w ^ z = e^. 

One is mainly interested in primary fields 
Oa{z). One needs to consider two types of such 
fields: 

• bulk fields Va{z), defined on {z e C; 3(z) > 
0}, which transform as 

[L„, 0^{z)] =z^{zd, + A„(n + l))0„(z) 
+z"(za,- + A„(n + l))0„(z), 

• boundary fields *p2Pi (-'')' 2; G K: 
[in,*^.p,W]=^"M.-HA^(n-l-l))*^,,^(x). 

4. Bootstrap 

4.1 Data 

The conformal Ward identitites together with fac- 
torization of correlation functions lead to an un- 
ambigous construction of any correlation func- 
tion in terms of a set of elementary amplitudes 



(structure functions): This set contains in addi- 
tion to the three point function D of the theory 



without boundary (2T) the following data: 



• One point function: 

{V^{x)) ^A{a\p) \z-z\ 



-2A„ 



• Boundary two point function: 

X Aro(^Q-/3./3' +6(i,t3'B{(3\pi,p2)) 

• Bulk-boundary two point function: 

{V^{z)-^l{x)) = 

A{a,p\p) 



, _-|2A„-A,, _^|2A, 



Boundary three point function: 

'-P3 P2 Pi -' 



FI2I 



where Xij — Xi 



F23 



F31 



Cj, Aij = Afe - Ai 



A,. 



Two comments concerning the form of the bound- 
ary two point function seem to be in order: First 
note that the spectrum §^ will later be found to 
have both continuous and discrete parts in gen- 
eral, S^ = § U B. The symbol (5/3, /3' will accord- 
ingly be interpreted as a Kronecker-delta in the 
case that /3, (3' G D, and as delta-distribution in 
the case that /?, /3' e S. We have furthermore left 
undetermined a normalization factor Nq since we 
will later find relations between the normaliza- 
tions of bulk- and boundary operators. 

4.2 Consistency conditions 

These data are restricted by consistency condi- 
tions similar to those found by Cardy and Lewellen 
in the case of RCFT |, |, 0: Let us first note 
the two conditions 






(4.1) 



'■Pi P2 Pi ■' '■Pi P3 P2 ' 
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expressing associativity of the OPE of boundary 
operators, and 

A{a2,(i\p)A{ai,[3\p) 



F21 



B{P\p,p) 



(4.2) 



The data appearing in (4.1)( |4.2| ) that have not 
yet been introduced are the foUowing: B{a) and 
Z)(a3,a2,ai) are two-and three point functions 
in LiouviUc theory with periodic boundary con- 
ditions [Qg^, -F/37[--] are the fusion coefficients 
that describe the relation between s-channel and 
t-channel conformal blocks W, the set F21 is the 
set of a labelling the primary fields Va that ap- 
pear in the OPE of two bulk fields Va^ and Va^ 
g and Ffj^ is similarly the set of /? labelling the 
boundary fields ^^ that appear in the OPE 
of ^^pIp^ and ^%p'. We consider (-D,F;F2i) to 
be known from M pi M, o] and intend to deter- 
mine {A, B, C; F21) as solution of the consistency 
conditions linking these two sets of data. 

In addition to the conditions written above 
there are only two further conditions to consider 
jwjl : One comes from correlation functions of the 
form (1/^\1/) and will not be considered here. 
The final condition is an analogue of what is 
known as the Cardy condition. It will be the 
main focus of this note. However, in order to 
even formulate it, we will have to go through 
some preparations. 

5. Known structure functions 

5.1 One point function 

The one point function yl(Q;|p) has been deter- 
mined in llllll: 



A{^ + iP\p)=Ao{7:p^{b')) 



2NN-^cos(47rsP) 



iP 



r{l + 2ibP)T{l + 2ib-^P), 



where s parametrizes the boundary conditions 
via 



cosh(27r6s) 



y/P 



y/^nJjrW). 



^The two point function is recovered from the expres- 
sion for D by sending 03 — > 0, cf. e.g. [H 



A couple of remarks are in order: 

1 . ) As opposed to lO] , we have included a pref- 
actor Aq independent of a, p. The Cardy con- 
dition that we intend to discuss will imply a re- 
lation between ^0 and the normalization factor 
Nq that appears in the two point function. More- 



over, condition (4.2) further constrains the choice 
of Aq. We therefore expect all these quantities to 
be fixed once the normalization of the bulk op- 
erators Va is fixed. The formula for D that was 
proposed in [Bl implies the following normaliza- 
tion: 



(^«-,p.(oo)V^Q+,p(0))b,ik = 27r5(P' - P) 



for P,P' eR+. 

2.) p determines s only up to s — > s + inb^^. 
But 74(a|s) is not periodic under s -^ s + inb^^. 
We will therefore consider s as true parameter 
for the boundary conditions. This is related to 
the existence of nontrivial quantum corrections 
to the effective action such as the appearance of 
a "dual" boundary interaction pe'^^^. 

Let us furthermore note that for real values 
of p one finds two regimes: 



a) p-\/sin(7r62) > ^JJl 



b) p^Jsi■a.{■J:b'^) < ^ 



s e 



sen 



3.) One may consider the one-point function as 
defining a boundary "state" b{s\ as is done in 
RCFT with boundary S: 



— j daA{a\s)M 



where i(a|: Ishibashi state constructed from the 
bulk-primary state {P\. In the present case one 
may note, however, that the non-normalizability 
of ^{s\ is worse than usual due to the pole that 
A(a|s) has at 2a = Q. It will still be a useful ob- 
ject when considered as a distribution, analogous 
to the interpretation of the so-called microscopic 
states in M. 
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5.2 Boundary two point function 

The following expression was found in |ll[ 



B 



■Q 



iP\s2,si) = 



2-2b^ 






> Tb{-2iP) 

Sl+S2))Sb{%-l[P-S^-S2)) 



■i{P + si 



S2))Sb{^+l{P+S2~-Si)) 



Integral representations defining the special func- 
tions Gb and Sb can be found in |1^. Both of 
them are closely related to the Barnes Double 
Gamma function [|_3|, |l4|, and Sb was indepen- 
dently introduced under the name of "quantum 
dilogarithm" by L. Faddeev, cf e.g. Q for re- 
lated applications, properties and references. 
Let us note that 





B{q+iP\s2,s^)' -- 


= 1 


in the fo 


[lowing three cases: 




1. si,s2 e M, 




2- Si,S2 G iM and 




3. (si 


r^~s2. 





5.3 Remark on uniqueness 

The above two results where obtained by con- 
sidering special cases of the consistency condi- 



tions (O) and (O) in which these equations 
reduce to finite difference equations with coef- 
ficients that can be calculated by other means. 
A proper discussion of uniqueness of solutions to 
these difference equations is beyond the scope of 
the present note, but we would like to mention 
that at present a strict proof of uniqueness re- 
quires assumptions concerning the analyticity of 
the structure functions w.r.t. a, /?: Although 
invoking the b -^ &^^-duality as in n& yields 
uniqueness on any line parallel to the real axis 
in the a-plane, one needs further input to fix the 
dependence on the imaginary part of a, such as 
e.g. analyticity in certain regions of the a-plane. 
However, we do not believe that this casts seri- 
ous doubts on the correctness of the results ob- 
tained by these methods: On the one hand it is 
quite clear that alternative solutions would be of 
a rather bizarre kind, and on the other hand one 
may observe that analyticity w.r.t. a in certain 



reqions of the complex plane is important for the 
physical consistency of Liouville theory, as will be 
discussed in the example of the bulk three point 
function D in 0. 

6. Remarks on canonical quantiza- 
tion on the strip 

In canonical quantization one would like to find 
a Hilbert space H such that the algebra of fields 
is generated by operators (p{a, r) and n(fT, r) = 
{2TT)~^dr(j){(T,T) that satisfy 

[n(CT, r), 0(cr', t)] = -iS{a - a'). 

Time evolution should be generated by a Hamil- 
tonian of the form 







(5,$) 



/ie 



2b0 



Pre 



l<T = 0J 



The dots are supposed to symbolize all normal 
orderings and quantum corrections necessary to 
make H well-defined ^. 

Assume that the Liouville zero mode q = 
L da(j){a) can be diagonalized: 



n 



dq Tin 



The zero mode Ho = /J^ daTi{(j) then acts as 



-^da and 



H 



-dl 



The exponential decay of the interaction terms 
for q — !■ — CX3 leads one to expect that 



'Ha 



^, 



where T: Fock-space generated by the non-zero 
modes a„ acting on Fock-vaccuum 11. One may 
therefore characterize generalized eigenfunctions 
of H by their asymptotic behavior for q^ —oo: 



'i'Eiq) 



eJPip 



q — > — oo 






^This may include addition of "dual" interactions like 
the boundary interaction pe'*' '. 
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where F^ g T, N: level, E ^ ^ + P"^ + N . 

Exponential blow-up of interaction terms for 
q — » +00 one the other hand leads one to expect 
reflection, i.e. 

F^ = 7^(P|s2,Sl)F+. 

Conformal symmetry determines 7?.(P|s2,si) up 
to a scalar multiple i?(P|s2, si). R describes the 
asymptotic behavior the wave- functions for pri- 
mary states |P, S2, si) which satisfy L„|P, S2, si) = 
torn > 0, La\P, s^.s^) = (P^ + ^)\P, S2,si): 



Let us now present two guesses concerning 



*p(<?) 



(e'^« + P(P|s2,si)e-'^*)0. 



One may observe that the reflection amplitude 
P(P|s2,si) also describes the relation between 
^p{q) and its analytic continuation ^_p(q): 

^P{q) - P(P|s2,si)*_p(g). 

P(P|s2: Si) is clearly a fundamental quantity 
for describing the dynamics of Liouville theory on 
the strip. It is therefore satisfactory to observe 
that state- operator correspondence leads to the 
following relation between P(P|s2,si) and the 
two point function B{f3\s2, si): 



R{P\s2,Si) 



Bm+iP\s2,Si] 



7. Partition function on the strip 



Hf 



The naive definition Tr-^B q =2.'i is divergent. It 
is better to consider relative partition functions 
such as 



^?2.siil) = Tr„B(gr^ 



q =0.^0 



where sq parametrizes some fixed reference bound- 
ary condition. This object provides information 
on the dependence of the spectrum w.r.t. the 



boundary conditions. In view of (3.1) one ex- 
pects Z^ to have the general form 



2.1., (g) = J da xUq) Nia\s2,si), (7.1) 

SB 

where the Virasoro character XQ(g) is given by 
Xciq) ^r,-\q)q-^^-'i)' 

00 

k=l 



the ingredients of (TJ^) that will later be con- 
firmed independently: 

First note that in the case p2 > ,pi > 
one would expect the boundary contributions to 
the Hamiltonian to be positive. In this case one 
does not expect any bound states: 



Q 



+ il 



(7.2) 



Second, ALB. Zamolodchikov has proposed |Tj 
that the relation between spectral density N and 
reflection amplitude R that is well-known for quan- 
tum mechanical problems (see e.g. Q, and Q 
for a simple heuristic argument) will still work in 
the present situation: 



iV(/3|s2,si) 



1 d , P(P|S2,S1) 

log 



27riiVn dP 



R{P\sQ,soY 

(7.3) 



where (3 and P are related hy [3 = ^ -\-iP. 



8. Cardy condition 

Consider Liouville theory on an annulus. There 
are two ways to describe the same amplitude: 

• as partition function on the strip (peri- 
odic imaginary time) 



M)^ / dp x0{q)N{l3\s2,s^ 



• as transition amplitude in the theory 
with periodic boundary conditions.: 



B{s2\q" ^^\si) B - B{so\q" 



da 



'\so)b = 
^ [{Aia\s2)yAia\s,) 

{A{a\sQ)y A{a\so))xa{q)- 



The Cardy condition will then be the relation 

(8.1) 



2l,sM 


=B{s2\q" ^^\si)b 
-s(so|9^"^|so)b, 



where q = exp(— 27ri/r) if q = cxp(27riT) 
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8.1 Case a) 

In this case the vahdity of some analogue of the 
Cardy condition ( ^j| ) was first verified by ALB. 
Zamolodchikov CtP. One may start with the 



right hand side of (B.f). The characters Xa{(i) 
can be expressed as sum over charaters Xa (<?) by 
means of 



XM^ j dp S{a,(3)xp{q). (8.2) 

s 

where 

S{a,P) = 2V2cos(47r(a-§)(a'-f)) 

In the presently considered case there is no prob- 
lem to exchange the orders of integrations over a 
and (3: 



B{s2\q" ^'\si)b 



dp < I daM{a,(3\s2,si) >Xi3{q) 



{A{a\s2)y A{a\si) 
{A{a\sQ)yA{a\s^))S{a,P) 



where 

M(a,/?|s2,si) 



The integral in curly brackets can now easlily 
be identified with the integral representation for 
N{(i\s2,Si) that follows from the expression ||ll| , 
equation (3.18) for i?(/3|s2,si) if ^o and A'o are 
related by 



1 



TrA^n 



\/2|Ao| 



8.2 Case b) 



Exchange of orders of integration produces a di- 
vergent result. Instead one may write the mod- 
ular transformation of characters in the form 

XM = V2 jdp e4-("-^)("'-t) X0{q). 

r+iR 

where the contour of integration was shifted into 
the half plane by an amount that will be chosen 
such that 



r > max(|cr+|, |ct_|, ^] 



Q 

2 ' 



where a± = i{s2 ± si) G M. Now it is possible to 
exchange orders of integrations over a and /?: 

dl3N{l3\s2,si)xp{q) 

The contour of integration may be deformed into 
^ + iK plus a finite sum of circles around poles 
of N . By using the fact that Sb{x) has poles for 
X — —nb — mb~l, n,m & Z-° Q, |l^ one may 
now read off the spectrum on the strip: 



n"" -- 


s 


da Vq 


e 


e 


Vo, 



^From the information available to the author it seems 
that a different regularization was used in [h7|. 



where 

15,,,,= {/3eC|/3 = Q-|a.|+n6 + mi <§, 
where n,m E Z- , s = +, — }. 

By means of this calculation we have determined 
the spectrum on the strip from the spectrum of 
Liouville theory on the cylinder! Let us note 
that: 

1.) The spectrum is unitary only if \a±\ < Q. 
Otherwise one finds nonunitary representations 
in the spectrum. 

2.) As long as both \(7±\ < Q/2 one still has 

3.) It is interesting, but puzzling to observe that 
there is a third case where one obtains a spec- 
trum that is compatible with hermiticity of the 
Hamiltonian, namely (si)* = — S2. As noted ear- 
lier, one also finds unitarity of the reflection am- 
plitude in this case. 

9. Outlook: Connection to noncom- 
pact quantum group 

In order to carry out the program to determine 
the structure functions as solutions of the con- 
sistency conditions they satisfy, it would be cer- 
tainly quite useful if one could establish connec- 
tions between the structure functions and the 
characterisic data of (a generalization of) a mod- 
ular functor, such as e.g. the 6j- or Racah-Wigner 
symbols of a quantum group and the associated 
modular transformation coefficients S. In the 
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case of rational confornial field theories connec- 



tions of this kind have been exploited in 1 20 1 21[ 
to derive expressions for the structure functions 
in terms of these data and to prove validity of 
the consistency equations on the basis of identi- 
ties that the defining data of the modular functor 
have to satisfy. 

From this point of view the following two 
partial results look quite encouraging: We have 
found (details will be given elsewhere) that 



(J IPs Pi l3l^ 



M(/3e 



./32,/3i){^J^j| 



)'. 



(9.1) 



where cji = isi, {. . . }[, are b-Racah-Wigner sym- 
bols associated to a continuous series of repre- 
sentations oiUq{s\.{2, M)). They differ from those 
constructed in p2| by a change of normalization 
of the Clebsch-Gordan coefficients: 



L Q2 CKs 

~ as Q4 \ at ^ i) 



It Jb 



fai 
t as 

Sb{at + (34 - ai)5fc(a3 + at- 02) 



/ ai Q2 I CKs \ 



Sb{ai +a3 - as)Sb{as -I- 02 - ai) *• "^ 

The expression ( |9.l|) for the boundary three 
point function satisfies the associativity condi- 



tion (4.1) due to the relation between fusion co- 
efficients F and b-Racah-Wigner symbols m, as 
well as the pentagon equation satisfied by the lat- 
ter ll^. Condition (O) clearly leaves the free- 
dom to change the normalization of the boundary 
fields. This freedom can be fixed by considering 
special cases of (4.1) where one of /34, . . . ,/3i is 



chosen to correspond to the degenerate represen- 
tation V-fc. One then obtains /mear finite differ- 
ence equations for the boundary three point func- 
tion with coefficients given in terms of know fu- 
sion coefficients and the special three point func- 
tion c_ calculated in pi*. 

It seems moreover suggestive to observe that 
the formula for the one point function can for 
a € S be rewritten in a form that resembles the 
Cardy formula P] for the one-point function: 



A{a\s) 



JS{a) 



«)'S'(a;s) 



VM")' 



(9.2) 



''The evaluation of the integral for c- that was not 
presented in ]1][] may be circumvented by using old results 



where e^*''*^"-' = R{a) is the bulk reflection ampli- 
tude [g|, and /i(a) turns out to be the Plancherel 
measure of the quantum group dual to the cat- 
egory of representations ofUq{s[{2,M.)) that was 
considered in RlP2|. One clearly sees in what 
respects the bootstrap in our noncompact case is 
richer than in RCFT (reflection amplitude, loss 
of direct relation between "quantum dimension" 
and modular transformation coefficients). On 



the other hand one may well consider (9.2) to 
be the most natural generalization of the Cardy 
formula for the one point function that one may 
reasonably hope for. 
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